(1) $R=\sum_{i--1^{\oplus}}^{r}e_{i}R$ where $E=\{e_{i} ; i=1, \cdots, r\}$ is a set of primitive idempotent elements in $R$ which are mutually orthogonal and such that $1=e_{1}+\cdots+e_{r}$ .
Let $N$ be the (nilpotent) radical of $R$ . For an element $a$ in $R$ we denote by $\overline{a}$ the class determined by $a$ in the semi-simple residue class ring $\overline{R}=R/N$ It is well known that an idempotent element $e$ in $R$ is primitive if and only if $\overline{e}$ is primitive in $\overline{\overline{R}}$ , and two primitive idempotent elements $e$ and $f$ in $R$ are isomorphic ( . From (1) we obtain the following decomposition of $\overline{R}$ into a direct sum of minimal right ideals: Changing indices, we suppose that $\{e_{1}, \cdots, e_{s}\}$ is a complete set of all non-isomorphic idempotent elements in $E$ and denote by $f(k)$ the number of idempotent elements in $E$ which are isomorphic to $e_{k}$ . Then we have Risomorphisms : ( 
1)
$
respectively. Let
$\mathfrak{M}$ be a right R-module. The following characterization of projective right R-modules was established by Nakayama and Nagao in [8] , but for the sake of completeness, we shall give here a simplified proof.2) Theorem 1.
is R-projective if and only if it is R-isomorphic to a direct sum offinite or infinite number of submodules which are R-isomorphic to the nght ideal components $e_{k}R' s$ of $R$ ; 1) In the sequel all modules considered are supposed to be unital in the sense that the unit element of a ring operates as an identity operator on the modules.
2) Theorem 1 and the present proof of it was informed by Prof. Azumaya Hence, again by the lemma, we get $Q=g(\mathfrak{M})$ . Thus $g$ is an R-isomorphism of $\mathfrak{M}$ onto $Q$ , and this secures our assertion.
Since $\overline{\mathfrak{M}}=\mathfrak{M}/\mathfrak{M}N\equiv\sum_{k=1^{\oplus}}^{s}(\overline{e}_{k}\overline{R})^{\mu_{l}}$ , and $\overline{e}_{i}\overline{R}$ and $\overline{e}_{j}\overline{R}$ are not R-isomorphic if $i\neq j$ , the uniqueness of $\mu_{k}' s$ follows from the theory of completely reducible modules. Proof. From the supposition we see that
is R-projective. Hence by Theorem 1 we have an R-isomorphism
where $g(k)s$ are finite or infinite cardinal numbers. This implies again by Theorem 1 that
is the required module.
Corollary 2. If
$\mathfrak{M}^{(n)}\cong R^{(\omega)}$ for a positive integer $n$ and an infinite cardinal number $\omega$ , then we have an R-isomorphism:
Proof. As in the same way in the proof of Corollary 1, we have
Hence we get $ g(k)=\omega$ , and this proves our assertion. Theorem 2. Let $\mathfrak{M}$ be a projective R-module and let $\mathfrak{N}$ be an R-module.
where $n$ and $m$ are positive integers such that $n\leqq m$ , then $\mathfrak{N}$ is R-homomorphic to
Proof. The first half of the theorem easily follows from Theorem 1. To prove the last half of the theorem, let $\varphi$ be an R-homomorphism of
and $(\mathfrak{N}/\mathfrak{N}N)^{(m)}$ are completely reducible R-modules, as is easily seen from the theory of completely reducible modules, $\overline{\mathfrak{N}}=\mathfrak{N}/\mathfrak{N}N$ is itself an Rhomomorphic image of , then in the same way as in (i) we have a $\mathfrak{G}_{0}\Lambda_{R}$ -isomorphism:
Then, by Corollary 2 we obtain a $\mathfrak{G}_{0}\Lambda_{R}$ -isomorphism:
3) Cf. [10] . In [5] , Kasch obtained the following normal basis theorem in Noether's sense [5, Satz 9] :
We shall try to generalize the theorem to the case of semi-linear normal basis theorem.
Lemma 3. Let which contains a right basis of $\mathfrak{G}\Delta_{R}$ over $\Delta_{R}$ was called independent in [5] . An independent subgroup is nothing but one whose fixed subring coincides with 
